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We present a class of classically marginal iV-vector models in d = 4 and d = 3 whose scalar poten- 
tials can be written as subdeterminants of symmetric matrices. The d = 3 case is a generalization 
of the scalar Bagger-Lambert-Gustavsson (BLG) model. Using the Hubbard- Stratonovich trans- 
formation we calculate their effective potentials which exhibit intriguing large- N scaling behaviors. 
We comment on the relevance of our models to strings, membranes and also to a class of novel spin 
systems that are based on ternary commutation relations. 



The relationship between D3-branes and 4d Yang- 
Mills theories is a fundamental ingredient in our current 
understanding of string theory. One of the simplest man- 
ifestations of such a relationship arises in the study of the 
scalar part of the action of N = 4 U{N) super- Yang-Mills 
(SYM) 

1= Jd 4 x Tr (-dp&d^ 1 - \{* I ,4> J } 2 ^ (1) 

where $ J are matrix fields $ 7 = $Jr, I = 1,2,.., 6 
and T a , a — 1,2,..,N 2 are the adjoint generators of 
U(N). Expanding around the Coulomb vacuum, i.e. the 

N Cartan generators a — 1,2, ..,N, of U(N) one 
obtains an effective potential of the form [T] 
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V eS ~ , 52m$ b hi 1 ^,a ) b = l ) 2,..N, (2) 

a<b 

where m 2 b — — <& b \ 2 and A is a cutoff. The Car- 
tan elements <£>^ are interpreted as the positions of the 
N D3-branes and the potential is minimized when the 
branes form a spherical shell of radius |$ a | = R oc A 
whose energy density is £ cx N A . This simplified anal- 
ysis reveals the crucial physical property of the system: 
the potential energy of N Z?3-branes is due to the two- 
body interactions among them. The latter are naturally 
interpreted as strings stretched between pairs of branes, 
having (masses) 2 m 2 b . Then, for large- A^ the usual N 2 
YM scaling arises from the combinatoric factor counting 
two-body interactions. 

The effective potential ^ depends essentially on the 
N- vector fields $ a , through the symmetric compos- 
ite quantities m 2 ab , however, only the N(N — l)/2 off- 
diagonal elements of m a b enter the result This effect 



is a consequence of the underlying U (N) algebraic struc- 
ture of the system. Such a point of view motivates us 
to ask whether we could capture the essential physics of 
the D3-brane system using a simpler AT-vector model. 
Indeed, using scalars $ a we could construct various com- 
posite quantities that are symmetric in the Cartan indices 
and then we could conceive an alternative mechanism 
leading to an effective potential similar to |2]) without 
having to assume detailed knowledge of the underlying 
algebraic structure. We will present such a model below. 
Of course, the knowledge of the U(N) structure provides 
us with a wealth of additional information regarding the 
D3-brane system and its relationship with string theory. 
A corresponding model exists in d = 3, and we believe 
that it is a fruitful way of approaching the universality 
class of the conformal theory describing N M2-bran.es 
[2], as in that case the underlying algebraic structure is 
still not understood. 

To motivate the d = 4 model, consider the scalar po- 
tential of the action (JlJ for SU(2) generalized to I, J = 
1,2,..,JV> 

V S u(2)«) = \&M${$ J f e ahc e°f c , (3) 

where a,b,c = 1,2,3. Generalizing e a i, c to the struc- 
ture constants f a bc of U(N) with a,b,c= 1, 2, .., N 2 one 
obtains the scalar potential of U(N) YM with Nf fla- 
vors. There is, however, another generalization of ^ 
with a,b,c = 1, 2, .., A^ which is 

V^t® 1 ) = 1 $ / $/$ 7 $f e Qbc - e e /^ (4) 

v n y^al 2(N—2)\ f 

Here, we use the appropriate AT-index e tensors with A^— 2 
indices contracted. We refer to the classically marginal 
N- vector potential Q as the 2- subdeterminant potential, 
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and we will find that it has a natural generalization to 
other dimensions. A nice property of the iV-vector model 
with the potential Q is that it can be analyzed via a 
Hubbard-Stratonovich (HS) transformation pj]. To do 
so, we first note that the potential depends only on the 
N x N symmetric matrix field p a b — ^i^l m terms of 
which the potential may be written as the sum of all 
possible 2x 2 subdetcrminants of p as 



TO= de^\p) = ~[(trpf-trp 2 } 



(5) 



Now we introduce the 4d subdeterminant model as 

Lm = \<{-d 2 )K + goVg\*i) > (6) 

where p 2 is a bare mass term and go a dimensionless 
coupling. Rescaling then i-> ^i/^/go and introducing 
the HS fields a a b and p a ^ we write the partition function 
as 



Z = J [V& a VoT>p\t 



LHS = + Pab) 



Mo 



+ ^trp-det[ N \p) 



(8) 



The measure factors are Haar measures for the real sym- 
metric N x N matrix fields a and p. We will analyze 
this theory in the saddle point approximation at large 
Nf, assuming that the saddle points are homogeneous 
in space-time. Note that the argument of the exponen- 
tial in the path integral is not invariant under separate 
transformations of p and a (because of the Tr <jp term) . 
However, the form of the saddle point equation for p is 
a = 2p + (pi — 2(trp))l (where over lines denote saddle 
point values). This is a local equation which has the fol- 
lowing important property (of a saddle point): in a basis 
where p is diagonal, a is diagonal as well. In this sense, 
we can simultaneously diagonalize a a b and p a b, and per- 
form the $ path integral. As a result we get 



[DaVp]e-^ SMa ' p) 



(9) 
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(10) 



where a a and p a are eigenvalues of a a b and p a b respec- 



tively. To obtain (10), we rescaled g Q n- g /Nf. For 
constant configurations, the effective action yields the ef- 
fective potential as V e g = S e g/ 'go(VoU). For large Nf, 
the uniform saddle points a a ,p a satisfy 



5V C 



ctr 



Scr a 



Pa = 90 



d 4 p 



1 



(2tt) 4 p 2 



(11) 



Introducing a cutoff A in equation ( 11 ) yields 



Pa - Pc 



I |^a a ln(a a /A 2 )+0(^), (12) 



Per — 90 



d 4 p 1 _ go 
(2tt) 4 p 2 ~ 16tt 2 
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(13) 



Substituting r a back into ( 10 ) we first encounter the 



usual field independent quartic divergence (vacuum en- 
ergy) which we drop. We also encounter a quadratic 
divergence which can be cancelled by a fine tuning of the 
bare mass (in the sense of tuning to a UV fixed point). 
Namely, we require that 



SV ctf 
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(14) 



is finite and zero for a a ,r a = 0, which leads to /i 2 , = 
2(A^ — l)p cr . Alternatively, we may renormalize this 
model by subtracting an infinite contribution to the a 



(7) tadpole. Integrating then p4l and using (112]) wc obtain 



Vcff = 



64tt 2 



N 
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(15) 



To find the saddle point, we should minimize (15) with 
respect to the a a 's. The last term in (15) demonstrates 



the following property of the 4d subdeterminant model. 
Although the validity of the saddle point is given by large 
Nf, the effective potential is dominated by the sum over 
the off-diagonal elements of a symmetric matrix, in close 
proximity with the D3-brane potential ^ if we take N 
to be large. Moreover, the a a are proportional to the 
(mass) 2 of the N vector fields For simplicity we 

can consider the homogeneous configuration a a — a, a — 
1, 2, .., N when the potential becomes in the large- N limit 



N 2 



A 2 



O(N). 



(16) 



In Fig.l we sketch the effective potential ( 16 ) for g > 0, 



which shows the similarity with the corresponding be- 
havior of the effective potential However, since the 
simplicity of our model does not allow to fix either the 
value or the sign of go, such a similarity cannot be taken 
too far. Nevertheless, this is enough motivation to ap- 
ply the idea to the more intriguing case of A/2-branes in 
what follows. 

In d = 3, the corresponding subdeterminant potential 
is a special ip 6 model 
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d ...$i$ fc 7 $f<$/$f , 
(17) 
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FIG. 1: Plot of Veff for g > 0. 



where a,b,..,f = 1,2,. .,7V, and I,J,K = 1,2,. .,7V/. No- 



tice that (17) is proportional to the BLG scalar potential 



[2] for TV = 4 and Nj = 8. Hence, ( 17 ) may be viewed as a 
generalization of the BLG potential in the same way that 
Q is a generalization of the SU (2) YM potential. Intro- 
ducing as above the symmetric matrices p a b 
potential becomes 



the 



V, 



(3) _ 



a = det^Go) = g [{trpf - 3(trp)(trp 2 ) + 2trp 3 



(18) 

Now we introduce the 3d subdeterminant model with La- 
grangian 



1 



(19) 

where now pg, go are dimensionful couplings [4], while 
Ao is a dimensionless one. As in d — 4, the scalar theory 
p9| at large Nf can be studied using the HS procedure 
with an auxiliary scalar field o~ a b- After the rescaling 
$3 H> & I a /^/\o we can follow the argument above and 
diagonalize p a b and a a b to obtain the effective action 



Z = [Vo-Vp] 



(20) 



SqS = ^Tr ln(-<9 2 + a a ) - J <r a p a ^j 

N „ N . N . 

^2 Pa + PaPb ~ / PaPbPc >( 21 

a— 1 ^ a<6 a<6<c 



Po 
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To achieve this form we rescalcd Ao H> A/A/ and 
<?o 9a/Nf. Following the same procedure as in the 4- 
dimensional case, we look for uniform saddle points tr Q , 
p a of the large- TV/ effective potential V c s = S c ff/Xo(Vol3) 
which satisfy 



eft 
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Then, writing r Q = p a - p cr , p cr = ^ , we express 
the effective potential in terms of the r a and fine-tune 
the bare couplings Po and go/Ao to renormalize it (after 
dropping as usual the cubic divergence that corresponds 
to the 3d vacuum energy) . In this case we need to impose 
two renormalization conditions 



SV cS 
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(23) 



r c =0 



We then obtain ^ 



TV- 1 



/>:■ 



as well as f 2 - 



(N — 2)p cr . Finally, integrating the first equation of (23) 



for generic a a and p a we obtain the effective potential as 



eff 



24tt a 
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a<fc<c 



(24) 

As before, for homogenous configurations a a = cr, 
large- TV and assuming that A 2 , ~ 0(1) the effective po- 
tential becomes 



^ ell' — \ 



iV 3 
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(25) 



The stable vacuum is at a — jS]- Notice the peculiar 
TV 3 scaling of the effective potential that arises from the 
three-body nature of the subdeterminant interaction i.e. 
from the (A'' choose 3) term. We should note that this 
scaling could have been obtained just from a (^ I a ^ I a ) 3 
term, which is the large- A limit of the (17) potential. 



In that sense, although the potential (17) does coincide 
with the BGL potential for N = 4, its algebraic struc- 
ture does not play a significant role in the large-TV result 
( 25 1 . The latter result is an indication that our model 



provides the large- A effective description of a system of 
M 5-brancs. In such a picture the three-body interactions 
would correspond to string junctions [BJ. 

We conclude with some observations regarding our 
subdeterminant potentials and their algebraic properties. 
Much of the combinatoric structure that we have dis- 
cussed here arises from properties of the symmetric poly- 
nomials involved in the potentials. With this in mind, it 
is tempting to view our d = 3 and d = 4 subdeterminant 
models as arising from a more general scheme. As an ex- 
ample, note that if we were to identify p with some sort 
of curvature 2-form, then the subdeterminant potentials 
correspond to their Chern characters. 

Next, we comment on an intriguing relationship of our 
models with spin-systems. In the 4d case we can define 



the TV x TV matrices T as e 



Ci,..Cjv-2 



ab 



T- 



l ) , , where we 

/ ao' 



have introduced the collective index {ci, ..,cn} A = 
1, 2, .., |TV(TV - 1) and TV > 3. One can show that in 
fact (T A ) ab is the fundamental TV-dimensional represen- 

Hence, the 



(22) tation of 0(A), namely [T , T B ] 



f AB c T C - 
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potential Q can be written as 



V 7 



(4) 



x 2(iV-2) 
1 



S AB (S A ) IJ (S B ) IJ , (26) 



2(N- 2)! 

with the obvious identifications. We can think of the 
(S A ) IJ as classical O(N) spins that carry the antisym- 
metric indices IJ. It is necessary that Nf > 2 for the 
potential to be non-trivial. It is furthermore interest- 
ing to note that the (S A ) IJ can be elevated to quantum 
O(N) spins obeying [S A ,S B ] = f AB c S c if the $£'s are 
promoted to operators with non-trivial commutation re- 
lations. Consider Nf = 2, namely I, J — 1, 2. Then there 

is only one independent (S A ) IJ in (8), namely, (S A ) IJ H> 
S A = ( t ) a eA ab l i > b- Now we can compute the commutator 
[S A ,S B ] = [e A ab e B cd -e\ b e A cd ]timrt- By impos- 
ing the commutation relations [(p a , 



%) = Sab, I 



b 2 a: (/>%] = which is equivalent to a set of N Heisenberg 



algebras, we obtain [S A ,S B ] = f AB c S c . 



Therefore the 



S are a representation of O(N). For N = 3, the above 
is the usual Schwinger boson representation of 0(3) [3]. 

Now, it is tempting to generalize this construction 
to the 3d case. We define the cubic matrices T A 

aS ^abc 1 " C ™~ 3 = ( TA )abc whCTe A = { C l" C iV-3} = 

1,2, .., ^N(N - 1)(N -2) and N > 4. Given that, we 
can express the 3d subdeterminant potential in terms of 
"generalized spins" (S A ) IJK as 



V, 



(3) _ 



Sab 



N 



6!(iV-3) 
8 AB (S A ) IJK (S B ) IJK 
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(27) 



For generic TV and Nf one should be able to study the 
algebraic structure of the cubic matrices T A [8TU0] as 
well as of the "generalized spins" (S A ) IJK [7j. How- 
ever, for the minimal case N = 4 and Nt = 3, the cu- 
bic matrices T A become the usual 4-indexed Levi-Civita 
tensors (T A ) abc = (e A ) abc and also (S A ) IJK i-> S A = 
( eA )abc® a ®b®c- I n this case, one can define the cubic 



It would be natural then to study the ternary commu- 
tator of the "spins" S A when the $ / 's are promoted into 
generalized Nambu-Heisenberg oscillators as in [11] . This 
way we expect to obtain a generalization of the Hubbard 
model for spins that satisfy the At 3-algebra [7]. 

In conclusion, we have initiated the study of the 4d and 
3d subdeterminant models. These models can be stud- 
ied using a Hubbard-Stratonovich transformation and ex- 
hibit quite interesting large- N behavior which seems in- 
timately connected with the behavior of the effective the- 
ory describing the stringy interactions among _D3-brancs 
in 4d. Hence, it is conceivable that the 3d subdetermi- 
nant model might be related to the effective theory that 
describes the interactions among M2-branes. The TV 3 
scaling of the 3d effective potential would then imply that 
this effective theory is related to M5-branes. Finally, we 
have pointed out the versatility of our subdeterminant 
potentials, which in 4d provide the O(N) generalization 
of Schwinger bosons, while in 3d give a new "generalized 
spin" model. In conclusion, we note that we have also 
done a preliminary study of the supersymmetric exten- 
sion of our d — 3 model, its relation to the d — 3 SYM 
theory (following [T2]) and the appearance of new alge- 
braic structures [T3]. These results will be presented in 
detail elsewhere [7]- 
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matrices 8 -1(3 (T 



and the fol- 



lowing multiplication rule 



( T )abrni T ) anc ') kbc ^"ink ~ (T T T C ) ^ . 

m,n,k 

(28) 

We have introduced the generalized Kronecker A a b c 
which is 1 for a = b = c and zero otherwise. All in- 
dices run from 1, ...,4, but no summation over repeated 
indices is implied. With the above definitions one can 
show that the standard ternary commutator satisfies 
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